EXAMPLES OF NON-RIGID CAT(O) GROUPS FROM THE CATEGORY OF KNOT 

GROUPS 
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Abstract. C Croke and B Kleiner have constructed an example of a CAT(O) group with more than one 
visual boundary. J Wilson has proven that this same group has uncountably many distinct boundaries. 
In this article we prove that the knot group of any connected sum of two non-trivial torus knots also has 
uncountably many distinct CAT(O) boundaries. 



1. Introduction 

The CAT(O) condition is a geometric notion of nonpositive curvature similar to the definition of Gromov 
(5-hyperbolicity. A proper geodesic space X is called CAT(O) if it has the property that geodesic triangles 
in X are "no fatter" than geodesic triangles in Euclidean space (a precise definition is given by M R Bridson 
and A Haefliger in [3, Chapter II. 1]). The visual or ideal boundary of X, denoted dX, is the collection 
of endpoints of geodesic rays emanating from a chosen basepoint endowed with the cone topology. It is 
well-known that dX is well-defined and independent of choice of basepoint and that X U dX is a Z-set 
compactification for X. A group G is called CAT(O) if it acts geometrically (i.e. properly discontinuously 
and cocompactly by isometries) on some CAT(O) space X. In this setup we call X a CAT(O) G-space and 
dX a CAT(O) boundary of G. We say that a CAT(O) group G is rigid if it has only one topologically distinct 
boundary. 

It is well-known that if G is negatively curved (acts geometrically on a Gromov (5-hyperbolic space) or if 
G is free abelian then G is rigid. Apart from this little is known concerning rigidity of groups. P L Bowers 
and K Ruane showed that if G splits as the product of a negatively curved group with a free abelian group 
then G is rigid [4] . Ruane proved later in [9] that if G splits as a product of two negatively curved groups 
then G is rigid. T Hosaka has extended this work to show that in fact it suffices to know that G splits as a 
product of rigid groups [7]. Another condition which guarantees rigidity is knowing that G acts on a CAT(O) 
space with isolated flats which was proven by C Hruska in [8]. 

Not all CAT(O) groups are rigid, however: C Croke and B Kleiner constructed in [5] an example of a 
non-rigid CAT(O) group G. Specifically, they showed that G acts on two different CAT(O) spaces whose 
boundaries admit no homeomorphism. J Wilson proved in [11] that this same group has uncountably many 
boundaries. 

In this article we exhibit an infinite family of non-rigid knot groups. It is a Corollary of Thurston's hyper- 
bolization theorem [10] for Haken 3-manifolds that every knot is either a torus knot, a hyperbolic knot or a 
satellite knot. It follows from Hruska's result [8] that hyperbolic knot groups are rigid. Furthermore, using 
a result of T Bedenikovic, A Delgado and M Timm [2] and the Bowers-Ruane result from [4] we can prove 
that torus knot groups are rigid (see Proposition 4.11). The following theorem gives us an infinite family of 
non-rigid satellite knots. 

Theorem 1. The knot group G of any connected sum of two non-trivial torus knots has uncountably many 
CAT(O) boundaries. 
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Specifically, we will prove that given any such knot group G, there is a natural construction of a family 
of CAT(O) G-spaces which is analogous to the construction used by Croke and Kleiner in [5]. Even though 
each space here will have a similar but significantly different structure from the spaces constructed in [5] (see 
Section 4.3), we will show that on the level of boundaries they have the same basic properties. Interestingly 
enough, it turns out that the proof given in [5] will not work in this situation. In order to get any results we 
will require the work of Wilson [11]. This is discussed in more detail at the end of Section 2. 

As a final comment on the statement of Theorem 1, there is a stronger notion of rigidity than the definition 
we use here. Sometimes a CAT(O) group is said to be rigid if every G-equivariant quasi-isometry between 
two CAT(O) spaces extends to a homeomorphism of the boundaries. For us such a group will be called 
strongly rigid. Negatively curved groups are strongly rigid, for instance. The fact that these two notions 
of rigidity are distinct is due to Bowers and Ruane who exhibit in [4] an example of a group which is rigid 
(that is, weakly rigid) but not strongly rigid. 

In [6] Croke and Kleiner found necessary and sufficient conditions for determining when the fundamental 
group of a 3-dimcnsional graph manifold is strongly rigid. Since the groups we are considering fall under 
this category, our result is slightly stronger than theirs for this particular class of groups. We prove that the 
knot group of any connected sum of two non-trivial torus knots is not even weakly rigid. 

1.1. Acknowledgements. The work contained in this paper is published as one part of the author's Ph.D. 
thesis written under the direction of Craig Guilbault at the University of Wisconsin-Milwaukee. The author 
would like to thank the referee for their helpful suggestions along with Ric Ancel, Chris Hruska, Boris Okun 
and Tim Schroeder. 

2. Croke and Kleiner's Original Construction 

Before diving into the proof of Theorem 1, we quickly sketch the proof of the main theorem of [5]. Let 
G = Gck be the group given by the presentation: 

(a, b, c, d\ab = ba, be = cb, cd = dc) 

Croke and Kleiner construct CAT(O) G-spaccs X such that each X is covered by a collection of closed convex 
subspaces called blocks. The visual boundary dB of every block B is the suspension of a Cantor set. The 
suspension points are called poles. If two blocks Bo and B\ intersect, then Bq is said to neighbor B\ and 
their intersection is a Euclidean plane called a wall. They then prove five statements for each X 

Theorem A. [5, Section 1.4] The nerve N of the collection of blocks is a tree. 

Theorem B. [5, Lemma 3] Let Bq and B\ be blocks and D be the distance between the corresponding 
vertices in N . Then: 

(1) If D = 1, then dB n dB 1 = dW where W is the wall B C\B 1 . 

(2) If D = 2, then 8Bq PI dB\ is the set of poles of Bi where Bi intersects Bq and B\. 

(3) // D > 2, then 8B D dB\ = 0. 

A local path component of a point in a space is a path component of an open neighborhood of that point. 

Theorem C. [5, Lemma 4] Let B be a block and £ € dB not be a pole of any neighboring block. Then £ 
has a local path component which stays in dB. 

Theorem D. [5, Corollary 8] The union of block boundaries in dX is the unique dense safe path component 

of ex. 
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The definition of safe path will be given in Section 5.3. For now it suffices to understand that Theorem 
D gives a way to topologically distinguish the union of block boundaries in dX. With these thereoms in 
hand it is not hard to prove that given two constructions X\ and X2, any homeomorphism dX\ — > 8X2 
takes poles to poles, block boundaries to block boundaries and wall boundaries to wall boundaries. The last 
piece of the puzzle is Theorem E. Given < 9 < n/2, we can construct Xg in such a way that the mini- 
mum Tits distance between poles is 9. For a block B. we denote by UB the set of poles of neighboring blocks. 

Theorem E. [5, Lemma 9] (also [11, Proposition 2.2]) For a block B, the union of boundaries of walls of 
B is dense in dB and UB is precisely the set of points of OB which are a Tits distance of 9 from a pole of 
B. 

With these five theorems in hand we get the main result of [5] : 

Theorem CK. Let B be a block and L be a suspension arc of dB. Then LnUB = 1 iff = n/2. Therefore 
Gck has at least two distinct boundaries. 

In [11] Wilson uses these five theorems to prove a stronger result: 

Theorem W. If 9\ 9 2 , then dXg 1 56 dXg 2 . Therefore Gck has uncountably many distinct boundaries. 

In this article we consider the knot group G = Gk of any connected sum K of torus knots. We pro- 
duce for G an analogous family of CAT(O) spaces which have a similar structure to those constructed in 
[5]. Specifically, we have blocks, walls and poles for these spaces as well, and for each 0<6><7r/2we can 
construct Xg such that the minimum Tits distance between two poles is 9. This done, we show that we have 
the appropriate analogues to Theorems A-E. 

Now if we had X^/?, then Theorems A-E would be enough to guarantee that G has at least two bound- 
aries. Thus we would not need the arguments found in [11] to prove that G is not rigid. However, as we will 
see in Proposition 4.10 there is no "natural" construction which will yield X n / 2 . Therefore in order to prove 
that G is not rigid we really need to apply the work of [11]. 

3. Block Structures on CAT(O) Spaces 

We begin by observing that the work in Sections 1.4-5 of [5] does not depend on the specific construc- 
tion used in in [5] . The same observations apply if we replace their definition of a block with the following one. 

Definition 3.1. Let X be a CAT(O) space and B be a collection of closed convex subspaces covering X. We 
call B a block structure on X and its elements blocks if B satisfies the following three properties: 

(1) Every block intersects at least two other blocks. 

(2) Every block has a (+) or (— ) parity such that two blocks intersect only if they have opposite parity. 

(3) There is an e > such that two blocks intersect iff their e -neighborhoods intersect. 

The nerve of a collection C of sets is the (abstract) simplicial complex with vertex set {vb\B £ C} such 
that a simplex {vbu ■■■, v B n } is included whenever p|"=i ^ ^ n exac tly the same way as in [5] the nerve 
N of the collection of blocks is a tree, and we can define the itinerary of a geodesic. A geodesic a is said to 
enter a block if it passes through a point which is not in any other block. The itinerary of a is defined to 
be the list [i3i,£?2, ■■■] where Bi is the i th block that a enters. This list is denoted by Itina. The following 
lemma follows in the same way as [5, Lemma 2], which simply uses the fact that a block B is convex and 
that its topological frontier is covered by the collection of blocks corresponding to the link in J\f of the vertex 
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Lemma 3.2. //Itina = [B\, B2, ...], then [vb 11 vb 2 i ■■■] is a geodesic in J\f '. 

We may also talk about the itinerary between two blocks. If [vb 1 , ^B n ] is the geodesic edge path in J\f 



The two notions of itineraries are related as follows: The itinerary of a geodesic segment a is the shortest 
itinerary Itin[i?Q, B[] for which a begins in B' and ends in B[. Note also that the same observations which 
gave us Lemma 3.2 also provide this next lemma. 

Lemma 3.3. Let B' and B[ be blocks, write Itin[i?Q, B[] = [B\, B n ], and let a be a geodesic beginning in 
B' and ending in B[ . Then: 

(1) a enters B^ for every 1 < k < n. 

(2) a passes through Bk D Bk+\ for every 1 < k < n. 

(3) Ufe=i Bk is convex. 

We call a geodesic ray rational if its itinerary is finite and irrational if its itinerary is infinite. A point of 
dX is called irrational if it is the endpoint of an irrational geodesic ray; otherwise we call it rational. We 
denote the set of rational points of dX by RX and the set of irrational points by IX. 

Lemma 3.4. Let a be an irrational geodesic ray. Then for any block Bq 



Proof. Write Itina = [B±, B2, ■■■]■ Since Af is a tree we can find M > 1 such that for every m > M, 
Itin[So, B m ] 9 Bm- For m > M choose a time t m such that a(t m ) € B m . Then: 



Hence it suffices to prove the following. 

Claim. Let e be given as in condition (3) of Definition 3.1. Then whenever d(vB,VB') > 2fc, we have 
d(B, B') > 2fce. 

Note that whenever d{vs, vb>) = 2 then we have d(B, B 1 ) > 2e because the e-neighborhoods of B and B' 
do not overlap. Assume lt'm[B,B'] = [Bq,Bi, ...,£?„] where n > 2k. Then for any x € B and x 1 e B 1 the 
geodesic [x, x'} passes through Bn for < i < k at some point Zi. So 







lim d(a(t m ),B M ) 



k-l 




i=0 



□ 



Corollary 3.5. 

(1) RX is the union of block boundaries in dX and IX is its complement. 
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(2) If £ G IX, then every geodesic ray going out to Q is irrational. 



(3) // £ G /X and a and /? are geodesic rays going out to (, then the itineraries of a and f3 eventually 



A geodesic space is said to have the geodesic extension property if every geodesic segment can be extended 
to a geodesic line. As is true with the original Crokc-Kleiner construction, the blocks we construct will 
satisfy the geodesic extension property. 

Lemma 3.6. If blocks have the geodesic extension property, then RX is dense. 

Proof. Let a be an irrational geodesic ray and write Itin a = [B\, B2, ■■■}■ For each n > 1 let t n be a time at 
which a(t„) G B n . Then every ray a^o,^] can be extended to a geodesic ray a n which does not leave the 
block B n . Then a n — > a. □ 

We end this section with a definition which will simplify the proof of Theorem D' later. Given a space 
Y we call a surjective map <f> : IX — > Y an irrational map if it satisfies the property that <f>(a) = <p(b) 
iff whenever a and (3 are geodesic rays going out to a and b respectively then Itin a and Itin [3 eventu- 
ally coincide. The obvious candidate for such a map is the function <f> : IX — > dM which takes a to the 
boundary point in dJ\f determined by the itinerary of a ray going out to a. This function is well-defined by 
Corollary 3.5(3). All we need to know is that <f> is continuous, which amounts to proving the following lemma. 

Lemma 3.7. Let (a n ) be a sequence of irrational rays with common basepoint converging to another irra- 
tional ray a. Then for every B G Itin a we have B G Itina n for large enough n. 

Proof. Write Itin a = [B\, B2, ...] and choose k > 1. Then Bk+i is a neighborhood of a(t) for some time 
t, which means that for large enough n a n {t) G Bk+i- Since a n |[o,t] begins in B\ and ends in Bk+i, 
Lemma 3.3(1) tells us that it must enter Bk- □ 

Corollary 3.8. The natural map (f> : IX — ► dAf determined by itineraries is an irrational map. 



4.1. Preliminary Definitions. Before we begin discussing knot groups we present some standard termi- 
nology concerning CAT(O) groups. Greater detail is given by Bridson and Haefliger [3, Chapter II. 6]. Let 
h be an isometry of a CAT(O) space Z. If there is a geodesic line L such that h restricts to a non-trivial 
translation of L, then L is called an axis of h. For a point z G L the sequence (h n z)^L 1 converges in Z U dZ 
to one of the two boundary points of L; we call that boundary point h°° . In fact, given any z G Z the 
sequence (h n z) converges to the same point h°° . 

The minset of an element g G G, written Ming, is the subspacc of Z where the map 2 1— > d(z,gz) 
achieves its minimum. If there is an element ho in the center of G, then Min ho is the union of axes of ho 
and Min h splits as a CAT(O) product Z 1 x R. In this structure, the axes of ho are the geodesic lines {z} x R. 

There are two notions of angles in CAT(O) spaces. The first is the Alexandrov angle. Given two geodesies 
(segments or rays) a and (3 with the same initial point p, the Alexandrov angle between them is the angle 
between their initial velocities (see [3, Definition 1.1.12]) and is denoted by Z p (a,f3), or Z p (a,b) if a and b 
are points on a and (3 other than p. 

The other notion of an angle is the Tits angle. Given two points r\ and £ in the boundary of a CAT(O) 
space Z the Tits angle or Tits distance between them is defined by 



coincide. 



4. CAT(O) Knot Groups 
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where prj and pC, denote the geodesic rays emanating from p going out to 77 and £ respectively. In the 
Euclidean plane the two notions agree: that is, for any point p and geodesic rays a and (3 emanating from p 
we have: 

Zp(a,j3) = Z Ti4s (a(oo),/3(oo)) 

In fact, when either angle is less than 7T, this equation holds precisely when the convex hull of the union of 
the two rays is a fiat sector [3, Corollary II.9.9]. 

Finally, the following terminology will be convenient when talking about CAT(O) spaces which split as a 
product r x R where T is a tree. For vertices v £ T we refer to the lines {v} x R as vertical lines. For a 
geodesic edge path i> C\T we refer to the subspace i/xRasa vertical strip. 

4.2. Knot Groups of Torus Knots. A torus knot is a knot which lives in a torus. Specifically, given a 
relatively prime pair (p, q) we let K = K p>q be an imbedding S 1 T 2 C S 3 which wraps the circle p times 
around one direction of T 2 and q times around the other. It follows from the Van Kampen theorem that the 
fundamental group G of the complement S 3 — K is presented by: 

(a,b\a p = b q ) 

The center of this group is generated by the element a? = b q 7 which we will denote by r. Another important 
group clement is the element which represents a mcridianal loop in S 3 around K, which we will call ui. By 
making appropriate choices, we can get 

lo = b n a m where n, m solve the equation mq + np = 1. 

As in [3, Example 11.11.15(2)], we construct a nonpositively curved K(G, 1). Beginning with a flat rec- 
tangle R = [0,a] x [0,/3] of arbitrary dimensions a, (3 > 0, we form the quotient space R —> Rj ~ where ~ 
is generated by the following three relations: 

(0,i)~(0,t + /?/p) 
(a,t) ~ (a,t + 0/q) 
(*,0)~(t,/3) 

This space is nonpositively curved by [3, Corollary 11.11.19]. We denote it by Y. Note that we get the same 
result if we use the following construction. Starting with an annulus we glue the two boundary circles to 
two disjoint circles. One of the attaching maps wraps the circle p times around itself; the other wraps the 
circle q times around itself. Figure 1 shows these two ways to draw Y for the trefoil knot. We observe that 
Y can be realized topologically as a 2-dimensional spine of the complement of K. 

By the Cartan-Hadamard Theorem (proven by SB Alexander and RL Bishop in [1]), the universal cover 
p : Y -> Y is CAT(O). This CAT(O) G-space splits the product T p ' q x R where T™ denotes the (p,q)- 
bircgular tree 1 . This is the Bass-Serre tree for the obvious structure as a free product with amalgamation: 

G = {a) Ht) {b) 

The action of G on Y is described as follows. The fundamental chamber is a lift R of R. The isometry r 
is a vertical translation by a distance of (3 (Minr = Y). The axis of a is a vertical line containing one side 
of R. The isometry a is a rotation about this axis followed by a vertical translation by (3 /p. Similarly, the 
isometry 6 is a rotation about its axis followed by a vertical translation by (3/q. The action of G on Y is 
shown in Figure 2. In the picture v a is the fixed point in T p q of a and Vb is the fixed point in T p - q of b. We 
choose as our preferred basepoint a point xo in the axis of a. Also we coordinatize Y = T p q x R so that the 
coordinates of xq are (v a ,0) and r translates in the positive direction of R. 



By "(p, q)-biregular" we mean the infinite tree whose vertices alternate in valence between p and q. 
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(0,0) . . (a,P) 
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(0,0) 
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(a,/3/3) 



(a,0) 




S 1 x [0, 1] 




Figure 1 . Y~ for the Trefoil Knot 
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^2,3 



av b 




LUXq 



b 2 v a 



Figure 2. Y in the case p = 2, q = 3 



Proposition 4.1. TTie geodesic [xq^luxq] is the hypotenuse of a right triangle with sides of length 2a and 
/3/ pq. 
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Proof. Denote the translation vector of a group element g £ G in the R-coordinate by A (<?) so that the 
following hold: 

A(r) = [3 
\{a) = 0/p 

m = P/q 



Recalling that n and m satisfy the equation mq + np = 1, we compute: 

\(ll>) = n\(b) + m\(a) 

q p 

= L 
pq 

So the coordinates of luxq in terms of the splitting are: 

( h n P 
U)X = [0 V a , 



□ 



Given g £ G consider the conjugate element uj 9 = gu>g~ x . Then Minw ff is a Euclidean plane of the form 
LxR where L is the (unique) axis of u> 9 in T p ' q . We call these Euclidean planes walls because they will play 
the same role as the walls described in Section 2. The geodesic lines L will be called wall shadows. 



Lemma 4.2. The number of wall shadows containing a given vertex is equal to the valence of the vertex. 
The number of wall shadows containing a given edge is 2. 



Proof. We begin by proving that the number of wall shadows containing a p-valent vertex is p. Since G 
acts transitively on the collection of p-valent vertices it suffices to prove this for v a . Let L be a wall shadow 
containing v a , say the axis of u> . Then L = hLo where Lo is the axis of ui. Since h~ 1 v a G Lq there is a 
k such that u> k h~ 1 v a = v a ; that is, uj k h~ 1 fixes v a and is therefore a power of a, say urbT 1 = a~ l . Then 
h = a l uo k and 

LU h = LU a \ 

There are exactly p conjugate elements of this form giving us p wall shadows containing the vertex v a . A 
similar argument works for g-valent vertices. 

We now prove the second statement of the lemma. Since G acts transitively on the collection of edges, 
every edge is contained in the same number of wall shadows. Call this number e. Consider the number N of 
pairs (e, L) where e is an edge of the star of v a which is contained in the wall shadow L. On one hand since 
every wall shadow hits two edges of the star of v a , we have N = 2p. On the other hand since every edge is 
contained in e wall shadows, we have N = ep. So e ~ 2. □ 

Lemma 4.3. The intersection of two wall shadows is at most two edges. In fact, two wall shadows can 
contain more than one edge only when p or q is 2. 

Proof. It suffices to prove the following claim. 

Claim. Let v be any vertex and L and L' be two wall shadows containing v. Then L and L' share two edges 
of the star of v iff the valence of v is 2. 

By translating the picture we may assume that v = Vb or v a . Since the argument is the same either way, 
we will assume v = Vf,. Certainly if q = 2 then L and L' have to share both edges in the star of Vb- For the 
converse, assume L n L' contains two edges in the star of Vb- Without loss of generality assume one of the 
edges is [v a , i>&] . Then one of the wall shadows is the axis of lo and the other is the axis of uj b = a m b n . Say 
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that L is the former and L' is the latter. The two vertices in the link of Vb hit by L are v a and b n v a . The 
two vertices in the link of Vb hit by L' are v a and b~ n v a . So L and L' share two edges in the star of Vb only 
if b n v a = b~ n v a which happens precisely when q\2n. Since q and n are relatively prime this is the same as 
saying that q — 2. This proves the claim. □ 

Roughly speaking the above lemma tells us that wall shadows bifurcate at odd-valent vertices. Translated 
into the language of walls this means several things. 

Fact 4.4. If e is an edge ofT p ' q , then the vertical strip e x R is contained in exactly two walls. 

Fact 4.5. If v is a p-valent [q-valent] vertex ofT p ' q , then the vertical line v x R is contained in exactly p 
[q] walls. 

Fact 4.6. let W and W be walls. Then W H W is either empty, a vertical line or a vertical strip. 



Let 70 denote the axis of to containing the point xq and 7 denote its image in Y. This is a local geodesic 
loop in Y representing to. The G— translates of 70 are called joint lines, for reasons which will become ap- 
parent in the next section. 



Proposition 4.7. Joint lines do not intersect. 

Proof. Suppose two joint lines intersect at a point z. Without loss of generality we may assume that one of 
the joint lines is 70 and that z £ R. Call the other joint line 7. Now if z is in the axis of a, then 7 = a k ~fo 
for some k. But this means that z = a k z, which is impossible. A similar argument shows that z cannot be 
in the axis of b. Therefore z is in the open vertical strip (v a , Vb) x R and 7 = r k b~ n jo for some k. If yo is 
the point at which 70 hits the axis of b, then 

z = [xo,yo] n [x' ,y' ] 

where y' Q = r k b~ n yo and x' Q = T k a m xo. Let r : Y — > R denote the projection onto the R-coordinate so that 
r(xo) = and r(yo) = f3/2pq. A computation gives r(x' ) = r(y' ) + (3/2pq. Therefore: 

0<,(*'o)<! 

But r(x' ) = i[3/q for some integer i, which gives us a contradiction. □ 
Since the axes of a group element are contained in that element's minset, the following is true. 



Fact 4.8. Two joint lines are parallel iff they are contained in the same wall. 

Here we are using the word "parallel" in the strong Euclidean sense; that is, when we say two lines are 
parallel we mean that their convex hull is a flat strip. The proof of this next proposition is an immediate 
consequence of Proposition 4.1. 

Proposition 4.9. We can choose the dimensions a and (3 of R so that 7 has length 1 and 

Z T it s (w°° ,t°°) - Z Xo (lox ,tx q ) = 9 

for any < 8 < tt/2 we choose. This done, joint lines form angle 9 with vertical lines. 

We close this section with two propositions. The first is recorded to demonstrate the need for Wilson's 
work [11] as noted at the end of Section 2. The second shows that knot groups of Torus knots are rigid, a 
fact noted in the introduction. 

Proposition 4.10. It is impossible to construct a C'AT(O) G-space Y in such a way that 

Z Tits {to°°,T°°)=7r/2. 
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Proof. Suppose Y is a CAT(O) G-space. Without loss of generality we may assume Y = Minr and splits as 
Y = F' x R. Then we can define A as in Proposition 4.1 and compute: 

A(w) = n\(b) + m\(a) 

= Mj) 

pq 

Choosing xq € Minw, we have: 

Zr^siuj 00 ^ 00 ) = Z Xo ((Jx ,txq) < ~ 

□ 

Proposition 4.11. G is rigid. 

Proof. By a result of Bcdcnikovic, Dclgado and Timm [2. Lemma 4.2], we know that Y has a nontrivial 
self-cover. By [2, Theorem 5.2], it has a finite cover S 1 x Q — > Y where Q is a finite graph. Therefore G 
contains the group F x Z as a finite index subgroup for some finitely generated free group F. 

Thus if we are given any CAT(O) G-space Y, the induced action of F x Z on Y as a subgroup is cocompact 
and hence geometric. Therefore any CAT(O) boundary of G is also a boundary of F x Z. Applying the result 
of Bowers and Ruane [4] , we get that every boundary of G is homcomorphic to the suspension of a cantor 
set. □ 

4.3. Knot Groups of Connected Sums of Torus Knots. Take two relatively prime pairs (p±,q±) and 
form the corresponding torus knots K± C S 3, . Denote the fundamental group of the complement of K± by 
G± and let u>± € G± denote the group element representing a meridianal loop as in Section 4.2. Let K be 
a connected sum K_fj^K + and set 

G = 7ri(5 3 - K) = G_ * z G+ 
where Z G± is given by 1 i— > w±. Fixing s (0,7r/2), form the if(G±,l) prescribed in the previous 
section and call it Y± . Construct it so that the local geodesic j± C Y± corresponding to the group clement 
lu± has length 1, and in the universal covers Y± of Y± joint lines form angle 9 with vertical lines. Glue Y ^ 
to Y+ along an isometry j_ = j + to form a nonpositively curved K (G, 1) which we call X. Let p : X — > X 
be the universal covering projection. Then A is a CAT(O) G-spacc. Since G± both inject into G, the path 
components of p~ 1 {Y±) are isometric copies of Y±. We call these path components natural blocks. It is 
easy to see that the collection of natural blocks gives us a block structure on X in the sense of Section 3. 
Thus the nerve Af of the collection of natural blocks is a tree and we may talk about the itinerary between 
two natural blocks or the itinerary of a geodesic. We call an itinerary in terms of natural blocks a natural 
itinerary and use the notation Itnw'. 

Now this "natural block structure" is different from the block structure of Croke and Kleiner's construc- 
tion in [5]. Here natural blocks do not intersect at walls (Euclidean planes) but at joint lines. We will see, 
however, that the boundary of our construction has the same essential structure as the boundary in [5]. To 
prove this we will need to introduce another type of block. 

Definition 4.12. Given a joint line 7 we define the joint block of j to be the convex hull of all joint lines 
X which are parallel to 7. This done, we define a "new nerve" Af with the following properties: 

(1) Vertices vb correspond to blocks B of X (joint and natural). 

(2) An edge [vb 1s Vb 2 ] is included whenever Bi D B 2 is a wall. 

When (2) holds we will say that B\ neighbors Bi- 
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A word of warning: When we call J\f a "nerve" we do not mean it in the same sense as used in Section 3. 
We mean here that it is the correct analogue of the previous notion of a nerve in this context. In [5] at 
most two blocks could intersect simultaneously and then their intersection was precisely a wall. Here there 
are many intersections which are not being recorded; for example, every point is in at least three blocks, 
possibly more. This fact will cause some difficulty for us in Section 5.2 when we need to redefine itineraries 
of terms of N. 

5. The Main Theorem 

In order to apply the strategies of Croke and Kleiner [5] and Wilson [11], will need to prove that if we 
take the collection of all blocks, both joint and natural, together with this "new nerve" Af, then Theorems 
A-E from Section 2 remain valid. Restated in this context the theorems will be labeled A'-E'. 

5.1. Joint Blocks. If [B\, ...,£>„] is a natural itinerary, then we call the list of joint lines 

71 = Si R B 2 

72 = B 2 n £? 3 

7n-l = Bn-1 H B n 

the list of joint lines between B\ and B n . If 7 and 7' are two joint lines, then it is easy to see that every 
geodesic which begins on 7 and ends on 7' has the same itinerary. If that itinerary is [B\, B n ], and 
71, ...,7„_i is the list of joint lines between B\ and then we also call 71, ...,7„_i the the list of joint lines 
between 7 and 7'. 

Lemma 5.1. (The Joint Line Lemma) Let 7 and 7' be parallel joint lines. Then every joint line between 7 
and 7' is also parallel to 7 and 7'. 

Proof. Parameterize 7,7' : R — > X to have unit speed and let 70 be a joint line between 7 and 7'. Then 
every geodesic which begins on 7 and ends on 7' must pass through 70 (Lemma 3.3(2)). In particular, for 
JieZ the geodesic [7(^)1 7'(&)] intersects 70 at some point Zk- Since 7H7', d(j(k),'f'(k)) is constant and Zk 
remains asymptotic to 7 and 7' as k — > ±00. It follows that 70 is indeed parallel to these. □ 

Proposition 5.2. Let Bj be the joint block of a joint line 70. Then: 

(1) Bj = r 4 xK where T 4 is the J^-valent tree. 

(2) The joint lines parallel to 70 are precisely the vertical lines in Bj. 

(3) If a joint line 7 C Bj, then 7||7o- 

Proof. Let D° = 70, and for each n > 0, let D n denote the union of D™ _1 along with all walls intersecting 
D' 1 ^ 1 at a joint line. In addition, we define D°° = [J°^ D l . Since two nonintersecting lines in a common 
Euclidean plane must be parallel, we see that D n splits as T n x R where each T n is a tree, constructed 
as follows: We begin with T , which is just a point. T 1 is the union of two lines glued together at a sin- 
gle point zq. To form T 2 , we glue four new lines to T 1 at four points Z\,...,Z4 in the four components of 
T 1 — zq. To form T 3 , we glue twelve new lines to T 2 at twelve points in the twelve unbounded components of 
T 2 — {zi, Z4}, and so on. The limit T 4 of this increasing sequence of trees is an infinite 4-valent tree. Thus 
we get D°° = r 4 x R. Furthermore, we see from the construction that the joint lines in D°° are precisely the 
vertical lines, and that all of these arc parallel to 70. So the proposition will follow if we show that D°° = Bj. 
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Certainly D°° is the convex hull of the collection of joint lines parallel to 70 which are contained in D°°. 
What we need to know is that all joint lines parallel to 70 are contained in Z?°°. We prove this here: Let 
7 be a joint line parallel to 70, and 71, ...,7„_i be the list of joint lines between 70 and 7. Since 71H70 and 
these two are in a common natural block, it follows that they are in a common wall and that 71 C D 1 . In 
general, since 7i||7i + i and these two joint lines are in a common natural block, they are in a common wall 
and therefore C D l+1 . So 7„_i C D n ~ 1 and 7 C D n . □ 

Remark 5.3. This proposition corresponds to the group theoretic fact that the stabilizer of a joint block is 
[Z * Z] x Z. For example, i/70 is the joint line containing xq then the stabilizer of Bj is [(r_) * (7+)] x (u>) 
where co translates Bj in the ^.-direction and (r_) * (r + ) acts geometrically on T 4 . Here < t± > denote the 
centers of G± . 

Two distinct blocks neighbor each other iff one is joint, the other is natural, and the two share a joint 
line. For a joint block Bj let C(Bj) denote the collection of natural blocks which neighbor Bj and Af(Bj) 
denote the full subgraph of Af spanned by the vertices {vb n \Bn €E C(Bj)}. 

Lemma 5.4. Let Bj and B'j be distinct joint blocks. Then: 

(1) // [vb n , v b' n ] is an edge of Af(Bj), then the joint line Bn H B' n is in Bj. 

(2) IfB N ,B' N £ C(Bj), then ltm^[B N ,B' N ] C C(Bj). 

(3) \C(Bj)nC(B'j)\ < 1. 

Proof. (1) Let 7 and 7' be joint lines of B^ and B' N which are in Bj. Since B^ n B' N — 70 is a joint line, 
70 is the only joint line between 7 and 7'. It follows from the joint line lemma that 70 is parallel to 7 and 
7' and must therefore also be in Bj. 

(2) Again, let 7 and 7' be joint lines of Bn and B' N which are in Bj, and write Itmj\f[BN,B' N ] = 
[Bi, Bk\. Then for 1 < i < k, the joint line lemma tells us that the joint lines Bi n -Bi+i are all in Bj. So 
for 1 < i < k, every Bi shares a joint line with Bj. 

(3) Suppose \C(Bj)nC(B'j)\ > 1. Since Af(Bj) and A^(B^) are convex, Af(Bj) nJV(JBj) must contain an 
edge [ub W) Vb' ]; by (1), the joint line B N n B^v i s m both an d ^j: which is a contradiction. □ 

5.2. Itineraries in J\f. Our goal here is to show that J\f is a tree (Theorem A') and to define itineraries in 
terms of Af. 

Lemma 5.5. Let [vb^ vb„] be an edge path in Af with no backtracking such that B\ and B n are natural 
blocks. Then 

Itnw [fix, B n ) = Ithw[Bi, B 3 ] U Ithw[B 3 , B 5 ]\J 

. . . Ultnw[-B„_4,-B„_ 2 ] Ultin A ^[B„_ 2 ,-B„] 

where 

Itm^[B i - 1 ,B i+1 } cC(Bi) 

/or even 1 < i < n. 

Proof. We prove this by induction on n. When n = 1, there is nothing to show, and when n = 3, we simply 
note that Af(B2) is convex. Assume n > 5, and let ry denote the geodesic edge path in Af from ugj to ws I1 _ 2 ; 
since i?„-4 7^ B n -2, the last edge of r\ is in N(B n -z) (by induction). It follows that rjr\Af(B n -i) = {vb„_ 2 }- 
Hence, if t]' is the geodesic edge path from Vb„_ 2 to vb„, then since if C Af(B n -i), the edge path 77 U 77' has 
no backtracking and must be the geodesic edge path in Af between vb 1 and vb„- O 
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Theorem A'. AT is a tree. 



Proof. It follows from Lemma 5.4(3) that N has no squares. Thus, any non-nullhomotopic loop in N must 
have length at least 6. Suppose [vb^ •■■,^b„] is such a loop with no backtracking where B\ = B n is natural. 
Then by the previous lemma, the first edge in the geodesic edge path in TV from vb 1 to vb 3 is in both TV(i?2) 
and VV(-B n _i), giving us a contradiction. □ 

Proposition 5.6. Suppose [vBn ■■■,vb„] is a geodesic edge path in TV and a is a geodesic segment which 
begins in B\ and ends in B n . Then then a is covered by the collection of blocks {Bk} k=1 and passes through 
every block Bk and wall B k n -Bfc+i . 

Proof. First of all, assume B\ and B n are both natural blocks and use Lemma 5.5 to write: 

Itinjv a C ltin.j^[Bi,B n ] 

= Ithw[5i, B 3 ] U ... U Ithw[-B n -2, B n ] 

So for every odd 1 < k < n, a passes through the block Bk- Let 7fc_2 denote the joint line at which a leaves 
the natural block Bk-2 and jk-i denote the joint line at which a enters the natural block Bk- The fact that 
Itin_^[B fe _2, Bk] C C{B k -\) tells us that 7fc_2 7 7fc-i C B k -\- For every 1 < k < n, let t k be the time such 
that a(tk) G Ik- Since 7^ C B k n -Bfc+i, we see that a hits every such wall. Furthermore, 

7([tjfe,tjt+i]) C B k 

because Bk is convex. This shows that a C Ufc=i Bk- 

Now consider the more general case. If B\ is joint and B n is natural, choose a natural block Bq containing 
the initial point of a. This time Lemma 5.5 gives us: 

Itm/v" a C Itinjv[B , B n \ 

= Itinv[fl ,-B a ] U Itin^[S 2 , B A ]... U Itin^[S n _ 2 , B n ] 

As before, since a enters B2 at a joint line of B\, we get that a passes through the wall B\ n B2 and because 
blocks are convex, we get that a C Ufc=i ^ fc - Similar arguments work if B\ is natural and B n is joint, or if 
both B\ and i?„ are joint. □ 

We now know that given a geodesic segment (or ray) a there is a (possibly infinite) geodesic edge path 
\vb! , •••) «b„] such that a C Uk=i Bk- We define the TV-itinerary of a to be the list [B\, B n ] where 
[bbj, ...,t)fl n ] is the shortest such edge path. We may also write Itin rj-[B' , B[] = [B\, ...,B n ] when [ubj , us n ] 
is the geodesic edge path in TV from Vb> to Vb^ ■ 

There is some danger of confusion here since every geodesic in X has two itineraries: one in terms of TV and 
the other in terms of TV. We already have a notion of rational and irrational rays in terms of TV-itineraries. 
We denote the set of points which are "rational with respect to TV" by Rj^X and the set of points which 
are "irrational with respect to TV" by Ij^X. However, in this section we will call a geodesic ray rational if 
its TV-itinerary is finite and irrational if its TV-itinerary is infinite. The endpoint of a rational ray is called 
a rational point and the endpoint of an irrational ray is called an irrational point. To emphasize that by 
"rational" and "irrational" we mean in terms of TV, we will denote the set of rational points of dX by R jg-X 
and the set of irrational points of dX by Ig-X. 

Proposition 5.7. If a and (3 are two irrational geodesic rays whose TV -itineraries eventually coincide, then 
their TV -itineraries are also infinite and also eventually coincide. 

Proof. Suppose we have two irrational geodesic rays a and (3 whose itineraries eventually coincide. Write 

Itin^a = [-Bi,-B 2 , •■■] 

and: 

Itinjj f3=[B[,B' 2 ,...} 
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Then there are m, n > 2 such that B m+ i = B' n+i for i > 0. Choose to and n so that B m = B' n is 
a natural block. The fact that to, n > 2 guarantees that a and /3 do not begin in this block; hence 
B m G Itin/va n Itin^ /3. In fact, B m+ 2i € Itin^a H Itin/v"/? for every i > 0. Therefore Itin^a H Itin^/? 
contains the infinite sequence of blocks {£? m , B m+ i, B m+2 , ■■■}■ □ 

Corollary 5.8. 

(1) /tfX c 

(2) R^X C 

Remark 5.9. The above inclusions are strict. A geodesic ray which stays in the same joint block but does 
not stay in any wall will have an infinite N -itinerary but finite N -itinerary. 

5.3. The Boundary of X. We do not yet know that RfjX is precisely the union of block boundaries. For 
this we need to know Lemma 3.4 in the new context. The proof is the same except that we replace the claim 
with the following lemma. 

Lemma 5.10. There is a 5 > such that for natural blocks B and B' , if djq-(vB,v~B') > 4fc then d(B,B') > 
kS. 

Proof. Let 5 be the minimum positive distance between joint lines in X. Let B and B' be natural blocks, 
ltm^/[B, B'] — [B , B n ] where n > 4k, x € B and x' E B'. Then the geodesic [x, x'] passes through every 
block B^ for < i < k at some point Zj. Furthermore, for < i < k the geodesic [z.j, z i+ i] enters the block 
Ba%+i at a joint line of the joint block fiy+i and leaves at a joint line of the block B^^. Thus we have 

fc-i 

d(x,x') > ^2d(zi,Zi + i) > kS. 

i=0 

□ 

Corollary 5.11. RfjX is the union of block boundaries and Ijg-X is its complement. 

Since every block B splits asTxt for some tree T (one of T 4 , T p -' q - or T p +' q +), it follows that dB is 
the suspension of a cantor set. As mentioned in Section 2, the suspension points are called poles and the set 
of poles is denoted PB. 

Theorem B'. Let Bq and B\ be blocks and D be the distance between the corresponding vertices in N . Then: 

(1) If D = 1, then dB Q n <9Si = dW where W is the wall B nBi. 

(2) If D = 2, then 8Bq n dB\ = PBi/ 2 where B1/2 neighbors both Bq and B\. 

(3) IfD>2, then dB a n dB 1 = 0. 

Proof. (1) If D = 1, then Bq D B\ is a wall W. That dW C dBo n dB\ is obvious. The reverse inclusion 
follows by the same sort of argument as was used in the joint line lemma: If olq c -Bo and ol\ C B\ are 
asymptotic geodesic rays, then every geodesic from ceo to ct\ intersects the wall W. Thus we can get a 
sequence of points in W which remain asymptotic to ao and cti. 

(2) If D = 2, then there is one vertex between vb and Vb^', call it vb 1/2 - We will show that 

PB 1/2 c dB Q n dB 1 c dW Q n dW 1 C PB 1/2 

where W% = B\i 2 fl Si for i = 0,1. The first inclusion is just the fact that vertical lines of Bi/ 2 can be 
found in Wo and W\, and the second is the same argument as in (1). For the third inclusion, suppose 
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eta C Wq and a\ C W\ are asymptotic geodesic rays and let c?o and a.\ be the projections of ag and a\ 
onto the T-coordinate of B 1 / 2 — Tx M. If S and cEi are not constant, then since they are asymptotic they 
must have infinitely many vertices of T in common. In this case Wq H Wi shares a half-plane, contradicting 
the fact that WoHWi is at most a vertical strip. So cEo and ai are constant and a>o and ot\ go to a pole of Bi/ 2 . 

Finally wc show (3) by contradiction: Suppose C £ dB^PidBi and write Itinr^[Bo, Bi] = \B\, B n ] where 
n = D + 1 by hypothesis. By the same argument as in (1) we actually have that C £ dBi for every 1 < i < n. 
By (2) it follows that C £ PBi for every 1 < i < n. But PB 2 n PB 3 = because Z T its(PB 2 , PB 3 ) = 8, 
giving us a contradiction! □ 

Theorem C. Let B be a block and £ S i9i? not 6e a pole of any neighboring block. Then £ has a local path 
component which stays in dB. 

Proof. The proof is the same as the proof of Theorem C with one minor exception. It could be that a 
geodesic ray may exit a wall W via a joint line 7 of another wall. But by Fact 4.6, W n 7 is compact in this 
case. So this exception causes no problems. □ 

As in [5] wc call ( S dX a vertex if there is a local path component V of C and a local path component 
V' of an actual pole £' and a homeomorphism (V, £) « (V, £'). A point of is a vertex iff it has a local 
path component homcomorphic to the open cone on the cantor set via a homeomorphism which takes £ to 
the cone point. A path in dX is called safe if it passes through vertices at only finitely many times. Since 
Rjq-X is just the union of block boundaries (Corollary 5.11), Theorem C tells us that the only vertices in 
RjQ-X are poles. 

Theorem D'. Rg-X is the unique dense safe path component of dX. 

Proof. The proof that RfiX is a safe path component is exactly the same as the proof of [5, Lemma 6]. The 
fact that RfiX is dense follows from Lemma 3.6 and the fact that RjQ-X D RjjX. Now the other safe path 
components are contained in the path components of IfjX. Recall that Corollary 3.8 provided us with a map 
<f> : IjsfX — >• dM which is "irrational with respect to A/"". By Proposition 5.6 we know that the restriction <j) 
of <j) to Iq-X is "irrational with respect to A/"" . Since </> takes safe path components to points and no point 
of im0 is dense in im0 it follows that no safe path component of IqX is dense in Ig-X. □ 

Theorem E'. Let B be a block. 

(1) The union of boundaries of walls of B is dense in dB. 

(2) The closure of the set of poles of neighboring blocks is the same as the set of points of dB which are 
a Tits distance of 9 from a pole of B. 



Proof. Let a be any geodesic ray in B = T x R and a be its projection onto the T-coordinate. Let 
a(ti) ,a(t 2 ) , ... be the sequence of non-bivalent vertices through which a passes. Then for every n > 1 there 
is a wall W„ such that a([0,t„]) n W n = a(t n ). Thus we may bifurcate a at a(t n ) to get a (probably new) 
ray a n which agrees with a up to time t n and then stays in W n . This proves (1). 

For (2) assume that in the above setup we have ZTit s (o;(oo), C) = where C is a pole of B. This means 
that a hits vertical lines of B at an angle of 8. Since a enters the wall W n at time t n we have two choices for 
a n . For one of these choices we will have a n ([t n , 00)) parallel to the non- vertical lines in W n . Then a„(oo) 
will be a pole of a neighboring block. □ 

Theorem 1. The knot group G of any connected sum of two non-trivial torus knots has uncountably many 
CAT(O) boundaries. 

Proof. We sketch here the key argument of [11]. For < 8 < ir/2 construct Xg as above. Now suppose we 
have < 6\, 8 2 < ir/2 and a homeomorphism h : dXg ± — > dXg 2 . Since h takes vertices to vertices it follows 
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from Theorem D' that it takes Rj^Xg 1 to RfiXg 2 . From here it is not hard to see that h takes poles to 
poles, block boundaries to block boundaries and wall boundaries to wall boundaries. Let W± be a wall in 
Xg 1 and W2 be the wall of Xg 2 such that h(dWi) = dW-x- Using Theorem E' and a proof by induction we 
find sequence of points (-Zfc)fcLo ^ dWi such that 

^Tits( z k, z k+l) = Si 

and Z T its(h(zk),h(z k +i)) = 8 2 . 

If 81 is a rational multiple of tt, then {z k } is a finite set and we can use a counting argument to prove that 
61 = 82- If 81 is not a rational multiple of n, then {zk} is a dense subset of dWi and the same argument no 
longer works. Wilson's solution is to use the sequences (zk) and (h(zk)) to define two nonstandard ordcrings 
of the natural numbers denoted -<i and -<2 such that -<i is equivalent to -<2- She then uses a technical 
argument to show that this fact implies that 81—82- □ 
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